ALGEBRAS GRADED BY DISCRETE DOI-HOPF DATA 
AND THE DRINFELD DOUBLE OF A HOPE 
GROUP-COALGEBRA 



D. BULACU AND S. CAENEPEEL 



Abstract. We study Doi-Hopf data and Doi-Hopf modules for Hopf 
group-coalgebras. We introduce modules graded by a discrete Doi-Hopf 
datum; to a Doi-Hopf datum over a Hopf group coalgebra, we associate 
an algebra graded by the underlying discrete Doi-Hopf datum, using a 
smash product type construction. The category of Doi-Hopf modules 
is then isomorphic to the category of graded modules over this algebra. 
This is applied to the category of Yetter-Drinfeld modules over a Hopf 
group coalgebra, leading to the construction of the Drinfeld double. It 
is shown that this Drinfeld double is a quasitriangular G-graded Hopf 
algebra. 



Introduction 

Hopf group coalgebras have been introduced by Turaev [IT], and are impor- 
tant for the study of certain 3-manifolds. A purely algebraic study of Hopf 
group coalgebras and related structures was started in [T3|, and continued 
by several authors, see for example |14[|15[ [TB]. For a recent survey, we refer 
to [12] • A categorical explanation was presented in [2], where it was shown 
that group coalgebras, resp. Hopf group coalgebras, are coalgebras, resp. 
Hopf algebras in a suitable symmetric monoidal category Tk- We will recall 
this construction in ll.4| it provides a natural method to generalize results 
of classical Hopf algebra theory to the setting of Hopf group coalgebras. For 
example, it is explained in [2, Sec. 4] how Yetter-Drinfeld modules over 
Hopf group coalgebras can be introduced: first we introduce the category 
of modules over a Hopf group coalgebra, and then we compute its center, 
which is a braided monoidal category, by construction. 

A crucial result in the classical theory is now the following: to a finite dimen- 
sional Hopf algebra H, we can associate a new Hopf algebra D{H), called the 
Drinfeld double of H. D[H) is quasitriangular, and the category of modules 
over D{H) is isomorphic to the category of Yetter-Drinfeld modules. The 
following natural question now arises: can this result be generalized to the 
setting of Hopf group coalgebras? At first glance, this looks like another 
straightforward application of the methods developed in [2]. This is not the 
case, and the underlying reason for this is the fact that the category Tk is 
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not rigid. However, we have a duality functor on 7fc, but this takes values 
in a different category Z^^. 

To explain this, let us look at a less complicated situation. The dual of a fi- 
nite dimensional coalgebra is an algebra, and the category of comodules over 
the coalgebra is isomorphic to the category of representations of the dual 
algebra. If we look at a group coalgebra, this is a coalgebra in 7fc, then the 
dual is an algebra in ^fc, which turns out to be a G-graded algebra. The cat- 
egory of representations of such an algebra is then the category of modules 
graded by a (variable) G-set. We have two versions of this representation 
category, one with a forgetful functor to 7fc , and one with a forgetful functor 
to Z]^. There are two corresponding duality results, which are explained in 
fT31 

Before looking at Yetter-Drinfeld modules, we consider Doi-Hopf modules; 
these are more general, but the formalism is easier, see Doi-Hopf data 
and Doi-Hopf modules in Tk are discribed in 11.71 and 11.81 Our aim is then 
to describe the category of Doi-Hopf modules as a category of representa- 
tions. Before we are able to do this, we have to introduce a new kind of 
graded algebra. Recall that a Doi-Hopf datum consists of a Hopf algebra 
i/, an //-comodule algebra A and an //-module coalgebra C. This con- 
struction can be performed in any braided monoidal category, for example 
in the category of sets, leading to the notion of discrete Doi-Hopf datum, 
see 11.21 In Section [21 we introduce algebras graded by a discrete Doi-Hopf 
datum (G, A,X), and in Section^ we discuss modules over a such a graded 
algebra, graded by a (G, A, X)-set. Now if we have a Doi-Hopf datum in 7fc, 
then the underlying algebra and the dual of the underlying coalgebra are 
both algebras, but in different monoidal categories. However, we can still 
form their smash product, and this turns out to be an algebra graded by 
the underlying Doi-Hopf datum (G, A,X), see Section [2j The main result 
of Section [3] states that the category of Doi-Hopf modules is isomorphic to 
the category of modules graded by (G, A, X)-sets, a result that comes in a 
^-version and in a T- version, similar to the duality result in ll.51 
In Section HI this result is applied to the category of Yetter-Drinfeld mod- 
ules: we introduce the Drinfeld double; it can be constructed as a smash 
product, and is an algebra graded by a certain discrete Doi-Hopf datum, 
denoted G throughout the paper. In Sections [5] and [71 we introduce quasi- 
triangular G-graded Hopf algebras, and we show that the Drinfeld double is 
such a quasitriangular G-graded Hopf algebra. 

1. Preliminaries 

1.1. Monoidal categories. Let C be a monoidal category. One can define 
algebras, coalgebras, (bi)modules and (bi)comodules in C. If C is braided, 
then we can consider bialgebras and Hopf algebras in C. Doi-Hopf data and 
Doi-Hopf modules can then be introduced; in the case where C is symmetric, 
this was done in [6j, and it is easy to see that this can be extended to arbi- 
trary braided monoidal categories. Let us briefiy recall the definitions. Let 
i/ be a bialgebra in C. The category of right -fT-comodules is monoidal, 
and a right i/-comodule algebra is an algebra in . The category of right 
//-modules Ch is also monoidal, and a coalgebra in this category is called 
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a right ff-module coalgebra. A (right-right) Doi-Hopf datum is a triple 
{H,A,C), where H is a bialgebra, A is a right //-comodule algebra and C 
is a right -ff-module coalgebra. An (H, A, C)-Doi-Hopf module is an object 
M £ C together with a right A-action I'm and a right C-coaction pM such 
that thecompatibility condition pM^^M = {i^m 'S^ C){M ip){pM 'S' A), where 
^ = {A(S) vc){cc,A (X) A){C ® pa) C ® A ^ A® C. i> is called the en- 
twining morphism. c is the braiding. We will denote the category of right 
{H, A, C)-Doi-Hopf modules and right j4-linear right C-colinear morphisms 
hyC{H)<i. 

1.2. Discrete Doi-Hopf data. Let us describe Doi-Hopf data in Sets . An 
algebra in Sets is a monoid. Every set X is in a unique way a coalgebra 
in Sets : the comultiplication is the diagonal map X ^ X x and the 
augmentation map is the unique map X — )• {*}, where {*} is a singleton. 
With this coalgebra structure, every monoid is a bialgebra in Sets . A Hopf 
algebra in Sets is then a group. Let G be a monoid. A G-comodule algebra 
is a monoid A together with a morphism of monoids 7 : A — >■ G. The 
corresponding G-coaction A — > A x G sends A to (A, 7(A)). Finally, a G- 
module coalgebra is a right G-set. All these assertions are well-known; they 
can be proved as easy exercises, and details can be found in [2j. We conclude 
that a Doi-Hopf datum (G, A, X) in Sets consists of two monoids G and A, 
a monoid map 7 : A — )• G and a right G-set X. We will call (G, A, A) a 
discrete Doi-Hopf datum. 

Now it is easy to show that an object in Sets(G)^ is a right A-set Y together 
with a map /3 : Y ^ X such that (3{yX) = l3{y)^{X), for all y € Y and 
A G A. We call Y a (G,A, A)-set. 

A morphism Y ^ Y' in Sets(G)^ is a map of right A-sets rj : Y ^ Y' 
satisfying f3'{r]{y)) = (3{y), for all y £Y. 

An example of a (G, A, A)-set is y = A x A, with /3(A, x) = x and (A, x)X' = 
(AA',X7(A')). 

1.3. The Fam-category. Let C be a braided monoidal category. To sim- 
plify the computations, we assume that C is strict; this assumptions is jus- 
tified by the fact that every monoidal category is equivalent to a strict one, 
see for example [7]. A new braided monoidal category Fam(C) is introduced 
as follows: objects are families of objects in C indexed by a set X, which we 
denote as M = (A, {Mx)xex), where A is a set, and Mx € C, for all rr € A. 
A morphism M — > M' is a couple ip = (/, {ipx)xex), where / : A — )• A' 
is a map and (fx '■ Mx — ?■ -^j(^) is a morphism in C. The composition of 
morphisms is defined in the obvious way. The tensor product on Fam (C) is 
given by 

iV = (A X A^(M,0M^,){a■,a■')GXxX')• 
The unit object is ({*}, k), where {*} is a singleton, and k is the unit object 
of C. The braiding c is given by 

where t : A x A' ^ A' x A is the switch map, and c is the braiding on C. 
Obviously, we have a strictly monoidal functor U : Fam (C) Sets , sending 
(A, {Mx)x(ix) to A and (/, {^x)x(ix) to /. 
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1.4. Group-coalgebras. Group-coalgebras and Hopf group-coalgebras 
have been introduced by Turaev in [11]. In [13], Virelizier studied Hopf 
group-coalgebras from an algebraic point of view. Group-coalgebras and re- 
lated structures have been investigated by several authors, see for example 
[m |15l [16] . For a recent survey, see [12] . 

Let A: be a field (or, more generally, a commutative ring), and A4k the cat- 
egory of A;-vector spaces (or, in the case where A; is a commutative ring, 
/c-modules). Now consider the categories 

Zk = Fam(Mk) and Tk = Fam(7W?P)°P. 

Zk and Tk have the same objects M = {X, {Mx)xex), where X is a set, and 
Mx is a A:-module, for all x X. For the description of the morphisms in 
Zk, see II. 3| with C replaced by M.k- A morphism M_ = {X, {Mx)xex) — ^ 
N = {Y, {Ny)y(zY) in Tfc is a couple (/, ((/?y)j^gy), with / : Y ^ X a map, 
and ify : Mji^^-^ Ny a /c-linear map, for every y gY. 
It was observed in [2] that a group-coalgebra (resp. a Hopf group-coalgebra) 
is a coalgebra (resp. a Hopf algebra) in 7^ = Fam (M°^)°P . An algebra in 
7fc is a collection of A;- algebras indexed by a set X. 

In a similar way, a coalgebra in Zk is a collection of fc-coalgebras indexed 
by a set X. Algebras in Zk are in one-to-one correspondence to algebras 
graded by a monoid. 

1.5. Isomorphism of categories. Let C be as in [T31 and consider the 
subcategory Fam^*-' (C) of Fam(C), with the same objects asFam(C), but with 
morphisms of the form (/, {ipx)xex), with / a bijection. Then we have an 
isomorphism F between the categories z'^^-' and T^^\ acting as the identity 
on objects. At the level of morphisms, F is defined by 

F{f, {^x)xGx) = ir^,{iPf-i(y))yeY)- 

1.6. A duality result. It is well-known that the dual i? = C* of a A;- 

coalgebra C is a A;-algebra; we have a functor — >■ AiB°p, which is an 
isomorphism of categories if C is finitely generated and projective as a k- 
module. 

We will now discuss a similar result for group coalgebras. Actually, it is 
a special case of a more general duality result that will be discussed in 
the subsequent sections. But this special case might be illuminating, as it 
incorporates some of the subtleties that will reappear later in a more general 
situation, and this is why we decided to give an outline here. 
Let ^ be a G-graded A-algebra, and Za the category of right modules over 
A, viewed as an algebra in Zk- The objects of Za are couples {X,M), 
where X is a right G-set, and M = (BxexMx is a right ^d-module graded 
hy X; we refer to [9] for detail on modules graded by G-sets. A morphism 
(X, M) — )• (y, A^) in Za is a couple (/, ip) , where / : X — )■ y is a morphism of 
G-sets, and if : M — >■ A/" is a right A-module map such that ip{Mx) C A^/(x); 
for all X € X. It is obvious that we have a forgetful functor Za Zk- 
We have a second category 7a, with the same objects as Za, but morphisms 
defined in a different way: {f, {ipy)yi^Y) '■ (X, M) — )• {Y,N) consists of a 
morphisms of right G-sets / : Y X, and a bunch of A;-linear maps 
ipy : Mf(y) Ny such that ipyg{ma) = (py(m)a, for all m € Mj(^y-j and 
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a & Ag. Observe that we have a forgetful functor Ta^Tu- 

In a similar way, we have two categories associated to a group coalgebra 

C_ = {G , {C g) g^c) ■, one with a forgetful functor to 7fe, and the other one 

with a forgetful functor to Z^. The two categories T— and Z— have the 

same objects {X,{Mx)x£x), where X is a right G-set, is a fc-module, 

and 

Px,g ■■ Mxg -^Mx®Cg 

are /c-linear maps such that the following coassociativity and counit condi- 
tions hold: 

(Mr (g) /^g^h) ° Px,gh = {Px,g <^ Ch) O p^g^h ] {Mx ® s) o ^ = Mx- 

A morphism M — > iV in T— is a morphism (/, {}py)y^Y) in Tk such that / is 
a morphism of G-sets and 

Cg) O Pj(^y) g = Py^g O ipyg. 

A morphism M — t- iV in Z— is a morphism (/, {^x)x&x) in Z^ such that / 
is a morphism of G-sets and 

{(fx (g Cg) o px^g = Pf(x),g ° ^xg- 

Now let G be a group coalgebra, and suppose that the underlying monoid G 
is a group. Write Bg = C*-i- Then B = (Bg^cBg is a G-graded A;-algebra, 
with multiplication maps Bg(g>Bfi — > Bg^ given by opposite convolution: for 
C e G*_i, G G*_i and c G G(gft)-i, we have 

(^0(c)=^(c(2,,-i))r(c(i,;.-i)). 

We have functors T : T— — >■ Tb and Z : Z— — )■ defined as follows: at 
the level of objects, T and F are defined in the same way: 

T{X, {Mx)x€x) = Z{X, {Mx)xex) = Mx, 

x£X 

with the following right 5-action: for m G Mx and ^ & Bg = G*_i: 

mi = {i,m[i^g-i])m[Q^xg]- 

At the level of morphisms, T and Z are the identities. If every Cg is finitely 
generated and projective as fc-modules, then T and F are isomorphisms of 
categories. The inverse functors are defined as follows: if M is graded by 
the G-set X, then T~^{M) = Z~^{M) = {X, {Mx)xex), with coaction maps 
Px^g : Mx^g — >■ Mx (8) Cg given by the formula 

Px,g{m)=mi^<^^^c^3\ 

We implicitly introduced the following notation, which will be used through- 
out the rest of this paper. It is well known that Cg is finitely generated 
and projective if and only if there exists a unique ^(^^ (g) c^^^ G G* (g) Cg, 
called finite dual basis of Cg (summation is implicitly understood) such that 
c = ^(9)(c)c(s) and i = C(c(^))C^»^ for ah c G Gg and ^ G C*. Also observe 
that 

(1) ^^^(s) 0c(^) =^(5) 0c(^)/i, 
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for all h G iJ^(g). Indeed, let S,^^) ^ c'-g') = i^^^ (g) c^^'). Then 

1.7. Doi-Hopf data in Tk- First, let H_ = {G,{Hg)g^G) be a semi-Hopf 
group coalgebra, that is a bialgebra in Tfc. This means that we have the 
following data and properties: 

• G is a monoid; 

• Hg is a fc-algebra, for every g £ H; 

• we have /c-algebra maps e : ^ k and Ag.g' ■ Hggi Hg ® Hgi, 
for ah g, g' G G. 

The Sweedler notation for the comultiplication maps is the following: 

Ag,g'(/l) =/l(l,g)®/l(2,g'). 

The following coassociativity and counit property have to be satisfied: 

{Hg ® \i,g") o \,g'g" = {^g,g' ® Hgii) o Agg/^g//; 
{Hg O e) o Ag,e = (e Hg) o Ae,g = Hg. 

Now let A = {X, {Ax)x€x) be a right fl^-comodule algebra. This means that 
we have the following data and properties: 

• X is a right G-set; 

• Ax is a. A;-algebra, for all x (z X; 

• we have /c-algebra maps px^g ■ Axg Ax ® Hg] 

The following coassociativity and counit properties have to hold: 

{Ax (8) Ag^h) o Px,gh = {Px,g ® Hy,) O p^g y,- 
{Ax ®£)o p^ „ = Ax. 

We use the following Sweedler-type notation for the coaction maps: 

Px,g{a) = a[o,^] ayi^gy 

Finally, let C_ = (A, {C\)\^\) be a right ^-module coalgebra. This means 
that we have the following: 

• A is a monoid, and we have a monoid morphism 7 : A — )> G; 

• Ca is a right -ff^(A)-™odule, for every A G A; 

• C is a group-coalgebra, that is, we have fc-linear maps Aa,a' : Caa' — ^ 
C\ <8) C\' and e : Ce ^ k satisfying the appropriate coassociativity 
and counit properties; 

• the following compatibility conditions have to be fulfilled: for all 

c G C\\i and h G if^(AA')) 'we have 

^\,\>{ch) = C(i^A)/'-(l,7(A)) C(2,A')^(2,7(A'))' 

and e{ch) = e{c)e{h), for all c G Cg, h G He- 

Observe that (G, A, X) is a discrete Doi-Hopf datum; we call it the discrete 
Doi-Hopf datum underlying {H_^ ^4, G) . 

1.8. Doi-Hopf modules in Tk- Now we describe the objects of M = 

c 

(y, {My)yizY) G Tk{H^~X- These consist of the following data 

• a (G,A,X)-set Y (see[L2]); 

• for every y gY, a, right ^^(y)-module My] 
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• fe-linear maps Py^x : — )• My ® Cx, satisfying the appropriate 
coassociativity and counit conditions; 

• the following compatibility conditions have to be satisfied, for all 
m G Myx and a G ^/3{yA): 

(2) Py,x{rna) = m[o,y]a[o,/3(y)] mii^x]a[i,-y{\)] ■ 

Here we use the following Sweedler-type notation for the coaction on M: 
Py,x{m) = m[o,j,] (8) rn[i^x], for m G Myx- 

A morphism M = {Y,{My)yeY) ^ Ml = (M^Oj/'ev) in Tk{H)^ is a 
couple (ry, (99^ )y/gy'), where 

• ?7 : y' — > y is a morphism of (G, A, X)-sets; 

• for every y' £ Y', ipyi : M^^f^yi^ — > M'^, is a right -linear map; 

• for all y' G Y' and A G A, diagram ([3]) commutes. 

(3) — — . m;,. 



a'. A 



Example 1.9. Let G be a monoid; then (G,G,G) is a discrete Doi-Hopf 
datum. G is a right G-module by right multiplication, and the identity on 
G is a morphism of monoids. A (G, G, G)-set is a right G-set Y together 
with a map f3 : Y ^ G satisfying /3{yg) = /3{y)g, for all y G y and g £ G. 
Let H_ = (G, {Hg)g^G) be a semi-Hopf group coalgebra. {H_^H_^I£} is a Doi- 
Hopf datum in Tk- A Doi-Hopf module (y, (Mj^)ygy) G Tk{H_)jl consists of 
the following data: Y is (G, G, G)-set as above; every My is a right Hpf^yy 
module, and pyg : Myg — > M^y ® Hg is a coassociative coaction. For every 
m G Myg and /i G Hi^(^yg-j, we have the compatibility relation 

Py,g{mh) = m[o,j^]/i(i,/3(j/)) «'"i[i,g]^(2,g)- 

These Doi-Hopf modules are simply called Hopf modules, and have been con- 
sidered in [2, Sec. 3.1], where the Structure Theorem for Doi-Hopf modules 
was discussed. 

1.10. Let Zk{lV)~x be the category with the same objects as Tk{H_)^, but 
with morphisms defined in a different way. A morphism M = (Y, (My )ygy ) 
M' = (y, {M'y,)yiizYi) in Zk{H_)% is a couple (??, ((^y)yeY), where 

• T] : y — > y' is a morphism of (G, A, X)-sets; 

• for every y £Y,Lpy: My ^'^v(.y) ^ morphism of Af^^y) = ^^/(^(j,))- 
modules; 

• for all y G y and A G A, diagram ([ID commutes. 
(4) Myx ^-^ ^ M;^), 
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2. Algebras graded by a discrete Doi-Hopf datum 

Definition 2.1. Let {G,A,X) be a discrete Doi-Hopf datum. A {G,A,X)- 
graded algebra is an associative algebra A (not necessarily with unit) to- 
gether with a direct sum decomposition 

A = Saga ®xex ^a,x, 

such that 

(5) Ax^xAyy C Sx/^xy(^x')^\X',x', 

where S is the Kronecker symbol. Moreover, for every x G X, there exists a 
Ix G Ae^x such that 

(6) alx = a, for all A G A and a G A\^x] 

(7) Ixb = b, for all A G A and b G Ax^x^{x)- 

Proposition 2.2. Let A be a (G, A, X)-graded algebra, with either G or A 
a group, and put 

= ®xexAx,x, 

for all A G A. Then A = 0agA^a is a A-graded algebra with idempotent local 
units. If X is finite, then A is a A-graded algebra with unit 1 = "^x^x 

Proof. It follows from ([5]) that AxAxi C Axy- If G or A is a group, then 
7(A) is invertible in G, for all A G A. 
Take a G Ax^x- From (l5][7]), it follows that 

aly = dx,ya and lyO = Sy x'y(x)-'^o,- 

In particular, Ixly = Sx,ylx, so {l^: | x G X} is a set of orthgonal idempo- 
tents. This implies the following: for any finite subset / C A, we have the 
following implications: 

X € I =^ '^(^ Ij/) — '^'1 
yei 

xj{Xy^ £ I =^ C^ly)a = a. 

y&I 

Now take a finite subset B d A. There exist Ai, • • • , A„ G A and xi, • • • , Xm G 
X such that 

n m 
i=l j=l 

We can always add e to {Ai, • • • , A^}, so it is no restriction to assume that 
Al = e. Let a be a homogeneous component of one of the elements of 
B. Then we find i G {1, ■ ■ ■ n} and j G {1, • • • ,m} such that a G Ax^^xj- 
Consider / = {xj7(Ai)~^ | i G {l,---n}, j G {1, • • • Since Xj = 

Xj'y{\i)~^, Xjj{Xi)~^ G /, we have 

y&I yel 

and then it follows that 

y€l y&I 
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for all 6 E -B. If X is finite, then the above arguments show that 1 = 
X^xsx ^ ^^^^ ^^"^ then A is a unital A-graded algebra. □ 

From ^ and we deduce that ^e,x^e,x' = ^x,x'^e,x'- Therefore every 
Ae^x is a /c-algebra, with unit 1^, and (X, (^e,x)xgx) is an algebra in Tk- 
Assume that X is finite, so that ^ is a unital A-graded algebra. Then 1 G A^, 
see for example [8, Prop. 1. 1.1], and we can write 1 = J2xex ^ ffixGX^e,^- 

Proposition 2.3. Take a discrete Doi-Hopf datum (G, A, X), with G or A a 
group, and assume that X is finite. The following assertions are equivalent: 

(a) A = ®AeA ffixgx Ax^x is a {G, A, X) -graded algebra; 

(b) A = (BxeA{®xexA\^x) is a unital A-graded algebra, and, with Ix € 
Ag^x defined as above, 

(8) Ax^x'^x' = ^x,x'Ax,x; 

(9) IxAyy = Sx'^x-f{\')Ax',x'- 

Proof, (a) (6). We have already seen above that A is a unital A-graded 
algebra; ([8ll9|) follow immediately from ((MZl)- 

(5) =^ (a). Take a € Ax^x- It follows from ^ that alx' = if x / x'. 
Therefore a = al = ^x'ex ^^x' = «lxj proving ([6]). ([7]) is proved in a 
similar way: let b € ^a,x7(A)- It follows from ([9]) that Ix'b = if 7^ a;, so 
b = lb = ^x'ex '^x'b = Ixb. 

Let a = 1^ € ^e,x- It follows that lajl^' = Sx^x'^x- 

In order to show that ([5]) holds, take a € Ax^x and 6 S ^a',x'- Then ab E 
Aaa', since ^ is a A-graded algebra. Now we have that 

ab = (al^)(l^,^(A/)-i6) = a(l^l^.,^(A')-i)6 = 0, 

if X 7^ x'j{X')~^, or, equivalently, x' ^ X7(A'). Now let x' = xj{X'). Since 
^ is a A-graded algebra, a E Aa and b E Ay , we have that 

ab E ^AA' = ^ ^AA'.y = ^ AxX',yly, 
yeX ydX 

hence we have that ab = ^j^gx '^y^y^ with Cy E Axx' .y Now ^l^./ = hence 

a6 = a61a;/ = ^ Cylylx' = Cx'lx' £ ^AA'.x'lx' = ^AA',a;', 

and this shows that (0) holds. □ 

2.4. 2-categorical interpretation. The definition of algebra graded by 
a discrete Doi-Hopf datum can be rephrased in terms of 2-categories. For 
more detail on 2-categories, we refer the reader to Ch. 7]. 
To a discrete Doi-Hopf datum {G, A, X), we associate a 2-category Q, under 
the assumption that G or A is a group. The objects of Q are the elements 
of X, and the morphisms are the elements of A x X. (A,x) E A x X 
is a morphism with target x and source x'y{X)~^: s{X,x) = x^{X)~^ and 
t{X,x) = X. Then the composition (A',2;) o (A,y) is defined if and only 
y = t{X,y) = s{X',z) = z'y{X')~^, and, in this case (A',z) o (A,y) = (AA',2;). 
It is easy to verify that the identity morphism on x is (e, x). 
Like every category, Q can be viewed as a 2-category: the 0-cells are the 
objects of Q, and, for all x,y £ X, Hom(x, y) is the discrete category with 
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objects the morphisms x ^ y in Q. The only 2-cells are then the identity 
2-cells. For every x £ X, we have the unit functor Ux ■ 1 — )• Hom(x,x), 
sending the object of 1 to (e, x), and the morphism 1 of 1 to the identity 
of {e,x). 1 is the category with one object and one morphism 1. 
The category of fc-modules is monoidal, so it can be viewed as a bi- 
category with one object *. To simplify notation, we will treat A4k as if it 
were a strict monoidal category, or a 2-category with one object. The unit 
functor : 1 ^ ^Ak sends to fc and 1 to the identity of k. 

Proposition 2.5. Assume that X is finite, and that A or G is a group. 
Then we have a bijective correspondence between {G, A, X)-graded algebras 
and lax functors F : Q A4k- 

Proof. According to [1, Def. 7.5.1], a lax functor F : ^ — )• Mk consists of 
the following data: 

(a) for every x G X, a 0-cell F{x) of Aik- Since ^Ak has only one 0-cell, so 
there is only one way to define F at the level of 0-cells; 

(b) for every x,y £ X, a functor Fx^y : Hom(x,y) — > Hom fFfx), F(y)) = 
M-k- Since Hom(x,y) is discrete, it suffices to give ,j,(A, x), for every 
morphism (A,x) in Q. Write F^,^^;^)-! .^.(A, x) = A(^x,x)- 

(c) for x,y,z € X, we have to give a natural transformation : Fx^y =^ 
Fy,z Fx^z- This means that for every (A, y) G Hom(x,y) and (A',z) G 
Hom(y, z), we have to give a /c-linear map 

lJ'{\,y),{\',z) ■ ^{X,y) ^(A',2) ^ ^(AA',2)- 

Since y = zj{X')~^, we find A;-linear maps ^(a,?/) ^ ^(A'.?/7(A')) ~^ ^(AA',2)) 
which is precisely what is needed to define on ^ = ®(A,x)gAxX^(A,a:) ^ mul- 
tiplication that satisfies ([5]). The naturality of /i is automatically fulfilled 
since Hom(x, y) is discrete. The associativity of the multiplication on A 
follows from the functorial properties of F. 

(d) For all X G X, we need a natural transformation 

6x • n^ =^ Fx^x 

This natural transformation is determined by a linear map 

6x{0) : u40) = k^ Fx,x(.Ux{0)) = Ae,x- 

The diagrams (7.12) in [1| have to commute. In our particular situation, 
this means that the diagrams 

k (8) ^A,X7(A) ^ Ae,x ® ^A,X7(A) 




Ax,x <S) k ^ Ax^x Ap 
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commute. Now write Ix = 6x{0){lk)- The commutativity of the above 
diagrams is equivalent to (l6][7|). □ 

2.6. The smash product. We propose a first method to construct algebras 
graded by a discrete Doi-Hopf datum {G, A, X), in the situation where G or 
A is a group. Let -A be a right ^-comodule algebra, as in ll.7[ Let -B be a 
A-graded algebra, and assume that every Bx is a left ff^(;^)-i-module; the 
action of /i € H^(^x)-^ on 5 € B\ is denoted by h^h. Moreover, assume that 

(10) h^{bb') = (/l(2,7(A)-i)^^)(^(l,7(A')-i)^^')i 

for all b G Bx, b' G Bx' ■, h G H^^(^xx')-^j ^i^d h^l = e{h)l, for all h G H^. 
Now define 

B#A = ^^Bx#Ax. 

Here Bx#Ax = Bx<S)A /c-module. We define a multiplication map on 

B^A, making it a (G, A, X)-graded algebra. We need to define multiplica- 
tion maps 

{Bx#Ax)(E>{Bx'i^Ax>)^B#A. 
If x' 7^ X'j{X'), then we let this multiplication map be zero. For x' = X'y{X'), 

: iBx#Ax) ® {Bx'#Ax') ^ Bxx'#Ax' 

is given by the formula 

{b#a){b'#a') = 6(a[i,7(A')-i]^ft')#a[o,^^7(A')]a'- 

Proposition 2.7. With notation as above, B^A is an algebra graded by 
{G,A,X). 

Proof. We have to show that the mulitplication is associative. Take a G Ax, 
a' G Ax', a" G Ax", b G Bx, b' G Bx' and b" G By- Also assume that 
x' = X7(y) and x" = x'j{X"). 

{{b#a){b'#a')) {b"#a") = (6(a[i,^(v)-i]-6')#aMa') 

= ^(«[2,7{AO-i]^^0((a[l,7(A'0-i]"'l,7(A'0-i])^0#"[oy']«'o,x'']«''; 

(6#a)((6'#a0(6''#a'0) = (6#a)(6'(Gji^^(,,,)_,]-6'0#«M«'') 
= b (^a[i^^(v ^ (6'(aj^ ,^(;^„)_i] ^6")) ^ #a[o,x"] ojo.x"] «" 

= ^(«[2,7(A')-i]^^')((a[l,7(A")-i]"[l,7(A")-i])^^")#"[0,a'"]«'o,x"]'^"- 

With the same notation, we easily compute that 

(l#l,)(6'#a') = l(l^(;,,)-0^^')#lx'«' = 
(5#a)(l#l^) = 6(a[i_^(v)-i]^l)#a[o,^,]l^/ 
= b#£{a[i^^(^x')-^)(^[o,x'] = b#a. 

□ 

2.8. The Koppinen smash product. Now we introduce a second method 
to construct algebras graded by a discrete Doi-Hopf datum. Let (H, A, C) 
be a Doi-Hopf datum in Tk, with A a group, and let 

^=00 Hom(C,-i , A,) = Ax,x. 

AeGxex AeGxex 
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We define multiplication maps 

for x' 7^ x^(X'), this multiplication map is 0. For x' = xj{X'), then we 
describe 

/X : Ax^x 'S^ — > ^AA',x'- 

For / G Ax^x and g G Ay^x', 'S> g) = f#g G Ax\',x', is given by the 
following formula, for c G C(^xx')-'^- 

{f#9){c) = /(C(2,A-i))[0,x']5(c(l,(A')-i)/(C(2,A-i))[l,7(A')-i]) ^ ^^x' ■ 

Proposition 2.9. as defined in \2.8\ is an algebra graded by {G,A,X). 

Proof. Take / G Ax,x, 9 G Ax'^x' and /i G ^A".a;"- Assume also that x' = 
X7(A') and = a;'7(A"). We have to show that' if#g)#h = f#{g#h). For 

c G Cf^xx'X")-'^^ we have 

= ((/#5)(c(2,(AA')-i))[o,x"]^(c(l>(A")-i)((/#5)(c(2,(AA')-i))[i,^(A")-i]) 
= /(C(3,A-i))[0,x"]5(c(2,(A')-i)/(c(3,A-i))[2,7(A')-i])jg^^,,j^(c(l,(A")-l) 

/(c(3,A-i))[l,7(A")-i]f(c(2,(A')-i)/(C(3,A-i))[2,7(A')-i])[l,^(A")-i]) 

= /(C(2,A-i))[0,x"] (C(1,(A'A")-1)/(C(2,A-1))[1,7(A'A")-1]) 
= (/#(5#/i))(c). 

Define e^^ : Cg ^ A^,. by ex{c) = e(c)l^. Then it is easy to compute that 
ex#g = 9 and f^^Cx' = f. □ 

2.10. Let il, C) be a Doi-Hopf datum in Tk, with A a group, and put 

B = ^Bx, 

AgA 

with Bx = C^-i' Ii^EHl we showed that S is a A-graded algebra. Bx is a 
left ^^^(;^•)-l-module: for ^ G -Ba, ^ S -ff^(A)-iand c G Ca-i, let 

It is easy to verify that (fTO|) is satisfied: for ^' G -Ba'> h G i/^(AA')-^ ^'^d 
c G C(AA')-i5 we have 

= = e((c/i)(2,A-i))e'((c/^)(i,(A')-)) 

= C(C(2,A-1)^(2,7(A)-1))C'(C(1,(A')-1)^1,7(A')-1)) 
= ((^2,7(A)-i)^0(^l,7(A')-i)^^')) (c)- 

Now we can consider the smash product B^A, as in l2.6l Consider the maps 
ax,x ■ Cl-i#Ax Ax,x = Hom(CA-i,^a;), ax,x{C#a)ic) = ^{c)a, 

for ^ G C^-i, a G c G Ca-i- It is well-known that ax^x is an isomorphism 
of fc-modules if Cx is finitely generated and projective as a A;-module. For 
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later use, we describe a^^, using the notation introduced in ll.6l for the dual 
basis of C\: 

(11) <.(/)= C^'"^#/(c('"^). 
Proposition 2.11. With notation as in \2.1(A 

is a morphism of algebras graded by (G, A, X) . If every C\ is finitely gen- 
erated and projective as a k-module, then it is an isomorphism. 

Proof. Take £ Bx, ^' & By, a £ A^, a' £ Ax', and assume that x' = x^{\'). 
For all c G C(aa')~^' ^® have 

ax\',x'{{^#a){^'#a')){c) = aAA',x' (C(«[i,7(A')-i]^^')#(a[o,x']a')) (c) 

= C(C(2,A-l))C'(C(l,(A')-l)'^[l,7(A')-l])«[0,x']a' 

= (aA,x(C#a)aA'y(^'#a'))(c)- 
It is also obvious that ae,x(e#lx) = Sx- D 

3. Modules graded by (G,A, X)-sets 

Definition 3.1. Let {G,A,X) be a discrete Doi-Hopf datum, and A a 
(G, A, X)-graded algebra. Let y be a (G,A,X)-set, see [L2i A right A- 
module M is graded by the {G, A, X)-set Y if 

with 

(12) MyAx,X C Sx^p^yX)MyX 

and 

(13) "^1/3(5/) = 
for all m E Mj^. 

Example 3.2. Let y be a (G, A, X)-set. Z C y is a (G, A, X)-subset of Y 
if zX E Z, for all A G A and z (z Z. 

Now suppose that M = (By^vMy is a right j4-module graded by the (G, A, X)- 
set y. Then TV = QzezM^ is a right ^-module graded by the (G, A,X)-set 
Z. Indeed, for all z E A E A and x E AT, we have 

NzAx^x = MzAx^x C Sx^(S(zX)Mz\ = 5x,l3{z\)^z\- 

Example 3.3. Recall from O that y = A x X is a (G, A, X )-set. Let A 
be a (G, A, X)-graded algebra; then A viewed as a right ^-module is graded 
by the (G, A,X)-set A x X. We need to verify that 

(14) ^A,a:^A',x' C ^l3{{X,x)\')\\,x)\' ■ 

We have seen in O that (A,x)A' = (AA',X7(A')) and (3{{\,x)\') = X7(A'), 
and then reduces to ([5]). It is also easy to check the unit condition: for 
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a G Ax^xi we have that al(j(^x,x) = ol^ = a. 
Now fix x G X. Then 

= {(A,X7(A)) I A€ A} 

is a (G, A,X)-subset of A x X. Indeed, for ah A' G A, (A,X7(A))A' = 
(AA',X7(AA')) e Zx. It folfows from Example O that A(^) = eAGA-4A,a;T,(A) 
is a right A-module graded by the G-set Z^. 

Assume now that X is finite; then we know that A is an algebra with unit 
1 = Xlxgx If is a right j4-module graded by a {G, A, X)-set Y, then we 
have for all m € My that mix = if x ^ P{y), hence ml = X^a-gx"^^^' ~ 
ml^(j^) = m, so M is a unital >l-module. It also follows from (|12|) that 
My Ax C Myx, hence M is a right A-module graded by the A-set Y. We 
refer to [S] for a discussion of modules graded by G-sets. 
Conversely, let M be a right A-module graded by a A-set Y (which is not 
necessarily a (G, A, X)-set). Since 1 = "^xex^^^ have, for all y £Y, 
My = Myl = Mylx- Let x / x' G X, and assume that m € Mylx H 

Mylx'. Then m = nix' for some n G M, and m = mix = nlx'lx = 0. Hence 
Mylx n Mylx' = {0} and 

(15) My = Qx&xMylx. 

If M is graded by a (G, A,X)-set Y, then it follows from ([T2|) that M^l^ = 
{0} if X 7^ /3(y), and then we find that Myl^(j^) = My. Hence at most one 
direct summand in (jlSp is nontrivial. 

Proposition 3.4. Let A be a (G, A, X)- graded algebra, with X finite, andY 
a {G,A,X)-set. For a (unital) right A-module M = (By^yMy, the following 
assertions are equivalent 

• M is graded by the {G, A, X)-set Y; 

• M is graded by the A-set Y and Mylx = ^x,j3{y)^y 

Proof. 1) =^2): see the arguments preceding Proposition 13.41 

2) ^ 1). Take m G My. If x 7^ /3(y)) then mix = 0, hence m = ml = 

Take m G My and a G Ax^x- Then 

ma = {mli3(y))a = m{li3(^y)a) = m{5x^fi{yy,[x)a'). 

If X 7^ /3(y)7(A), then ma = 0. In any case ma G Myx, so we conclude that 
(fT2]) holds, since /3(y)7(A) = /3(yA). □ 

(G A X^ 

Now we introduce the category ' of right ^d-modules graded by 
(G, A, X)-sets. The objects are couples (y, M), where F is a (G, A, X)- 
set, and M is a right ^-module graded by the (G, A, X)-set Y . A morphism 
(y,M) ^ (y',M') in 2^^'^'^) is a couple (??,(/?), where ?? : y ^ y' is a 
morphism of (G, A, X)-sets, and ip : M — )■ M' is a right A-linear map such 
that (p{My) C M'^f^^y If the condition (p{My) C -^^(j^) is satisfied, then the 
condition that (/9 is right ^-linear is equivalent to the commutativity of the 
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diagrams 
(16) 



My (g) ^A,/3(yA) 



A 



T 



(G,A,X) 



A 



has the same objects as Z 



in 'J'^'^'^^ is a couple {rj, {ipy')yi^Y' 
of (G, A, X)-sets, and ipy' : M^^^yi-^ — 
diagram 



(G,A,X) 
A 



. A morphism {Y, M) {¥' , M') 

, where rj : y' — t- y is a morphism 
M'yi are /c-hnear maps such that the 



(17) 



M, 



A 



A,/3(r?(y')A) 



ri(y')X 



M.„ 



■A 



A,/3'(?/'A) 



commutes, for ah y' G y and A G A. 

Observe that these definitions are designed in such a way that we have 
forgetful functors 



Zk and 7^*^'^'^) 



Proposition 3.5. Let {H_,A,C_) be a Doi-Hopf datum in Tk- Then we have 
fully faithful functors 



T : Tkimj ^ r^"'^^'"^ and Z : ZkiR)^ ^ 2 



-(G,A,X) 



C 



A 



At the level of objects, the functors are defined in the same way: T(M) = 
Z(M) = (y, ©ygyMj,), with multiplication maps My<^Ax^i3(yX) — Myx given 
by the formula 

(18) mf = m[Q^yX]f{m[i^x-^])- 

At the level of morphisms, T and Z are defined by 

T{V, {fy')y'eY') = iv, {fy')y'eY') and Z{ri, (v3y)yey) = iv, fy)- 

y& 

Proof. We will show that the action (jlSp is associative and satisfies the unit 
property. Take / € Ax^x^ f S Ax'^x'-, with x' = x^{X'), so that /#/' E 
•^xx',x'- Let m € My, and take x = I3{y). Now 

{mf)f' = (m[o,yA]/("^[l,A-l]))/' 

= "^[0,2:']/("^[2,A-i])[0,x']/'("l[l,(A')-i]/("^[2,A-i])[l,7(A')-i]) 

= rn{f*f')- 

The unit property is handled as follows. For m € My, we have 



l,el 



"^[o,^/]e(m[l,e])l/3(^/) = 



Now we look at the morphisms. Let (r/, {(py')yr(zY') be a morphism M — )• M' 



in Tk{H_)-^. We then have to show that it is also a morphism {Y, (By^yMy) 
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(By'^Y'Myi) in \ To this end, it suffices to sliow tliat tlie dia 

grams p!7|) commute. Take m £ Mri(y') and / G ^a,/3(7?{j/')A) • Tfien 

^y'{m)f = ¥^y'(m)[oyA]/(</'j/'("l)[i,A-i]) = 93s/'A("J'[0,»;(s/')A])/("i[l,A-i]) 
= V3y'A(?n-[0,^;(^/')A]/("^[l,A-l])) =^y'x{mf). 

Finally, take a morphism {(Py)yeY) ■ M. ~^ Ml in ^k{M.)^- We have to 

(G A J'O 

show that {t], 0ygy is a morphism in Z^^^ ' ' .To this end, we have to show 
that (fT6]l commutes. For m G My and / G ^a,/3(j/A)i we have 

^y{m)f = ^y{rn)iQ^^(^yX)]f{(Py{m)ii^x-^])^ipyx{miQ^yX])f{mii^x-i]) 
= ¥'yA(m[o,j;A]/("l[i,A-i])) =Vyx{'mf). 

n 

Theorem 3.6. Let (ff, C) be a Doi-Hopf datum in Tk, and assume that 
every Cx is finitely generated and projective as a k-module. Then the func- 
tors T and Z from Proposition 13.51 are isomorphisms of categories. 

Proof. We will construct a functor G : T^'^'^^ Tu^MJa show that 

it is the inverse of T. Take {Y,M) G M^^'^'^\ Let G{M) = {Y, {My)y^Y), 
with structure described as below. 

a) My is a right j4^(j^)-module: ma = maf,^i3(y){e^a), for m G My, a G Ai3(y)- 
Let X = I5{y). It is straightforward to see that this action is associative. 

b) Coaction maps py^x '■ Myx — > My (g) Cx are defined as follows: 

PyAm) = max~\i3{y){^^^^#l^(y)) (S) c^^\ 



where we use the notation introduced in 11.61 We have to show that this 
coaction is coassociative. For m G Myxx', we have that 

{Py,\ <X) Cx'){Py\,X'{in)) 

= {py,X ® Cx'){ma(^x')-\P{yX){i^^'^*^P{yX))) ® C^^'^ 

= ma(^x')-\p{yX){i^^'^#'^p{yX))ax-^,p{y){£,^^^mm) ® c^^^ ^ 
= rna(^xx')-i,p(y){^'^^'k^^^mp(y)) ® ^ c^^'). 
{My^Cx,x'){py,xx'{m)) 

These expressions are equal since 

^(A')^(A) ^ ^(A) ^ ^(A') ^ (^(A')^(A))(^(AA'))^(AA') ^ ^(A) ^ ^(A') 

Let us prove that the counit property holds. For m G My, we have 
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Finally, we need to prove that the action and coaction on M are compatible, 
that is, 

Py,\{ma) = m[o,j,]a[o,/3(j;)] O ?7i[i,A]a[i,T,(A)], 
for m S Myx and a G A^f^yxy 

= mae^/3(yA)(e#a)aA-l,/3(s/)(C^^-'#l/3(2/)) ^ c^'^^ 

= "^«A-i,/3fe) ((e#a)(e(^)#l^(j,))) 

= "T'aA-i,/3{j/)((a[l,7(A)]^?^^'')#a[0,/3(s,)]) c^^^ 

= "T'aA-i,/3(j/)(C^^''#a[o,/3(s/)]) ® c(^-'a[i,7(A)] 

= "T'aA-i,/3(j/)(C^^-'#l/3(s,))ae,/3{j/)(e#a[o,/3{j/)]) c^^''a[i,7(A)] 

= "^[O.s/iaiO,/?^)] ® "T'[l,A]a[l,7(A)] • 

c 

Let us now show that T and G are inverses. Take {Y, {My)y(=Y) G Tk(H)^. 
Then Gr(F, (My)y6y) = (y,(My)yey), where every My is a right ^^(J^- 
module; this new action is denoted •, and we prove that it coincides with 
the original one: for m € My and a € we have 

m-a = mae^fsiy)^^^^) = m[o,y](ae,/3(j^)(e#a))(m[i_e]) = m[o,j^]e(m[i_e])a = ma. 

We also have to show that the coaction maps py^x on GT{Y, {My)yizY) coin- 
cide with the original py x on (y, (My)j^gy). For all m € Mj^;s^, we have 

Py,\{TnrL) = maA-i,/3(y)(^^^^#l/3(y)) (^c^^^ 

= "l[o_y]aA-i,/3(y)(^^^-'#l/3fe))("^[l,A]) <^ c''^^ 

= "^[o,y]?^^''("^[i,A])l/3to) c^-^-* = "i[o,y] (8) = Py,x{m). 

Now let (y,M) G rj'^''^'^^ Then rG(y, M) = (Y,M), with new right 
^-action denoted •. In order to show that this new action coincides with 
the original one, it suffices to show that m ■ f = mf, for all m € My and 
/ G ^A,,3(yA) of the form 

/ = ax,i3(yX)iC#a), 
where ^ G C^^-i a G yl^(yA)- 

m- f = m[Q^yX]f{m[i^x-^]) = max,f3(yx){^^^ '^#l/3(y))/(c^^ 

= "7aA,/3(yA)(C*-^ '^#1/3(?;))?(C^^ ' V = "i«A,/3(?;A) (?#l/3(?;) )ae,/3feA) (e#a) 

= max,i3{yx){i#a) = mf. 

It is left to the reader to show the result at the level of morphisms. The 
inverse of Z is constructed in a similar way. □ 

4. YeTTER-DrINFELD modules and the DrINFELD DOUBLE 

4.1. Crossed G-sets. Let G be a group. Recall that a right crossed G-set 
is a G-set V together with a map v : V ^ G such that 
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for all f E y and g G G. This notion goes back to Whitehead, and it can 
be reformulated as follows. Observe first that G is a right G x G-set, with 
action 

l-ig,g')=g-Hg'. 

The diagonal map 7 : G ^ G x G is clearly a morphism of monoids. Hence 
G = {G X G,G, G) is a discrete Doi-Hopf datum. Then it is easy to see 
that a right crossed G-set is the same thing as a G-set. The category Xq 
of right crossed G-modules is a braided monoidal category: for two crossed 
G-modules {V,v) and {V^v'), {V x V',oj), with uj{v,v') = u{v)u'{v'), and 
{v,v')g = {vg,v'g) is again a crossed G-set. The unit object is the singleton 
{*}, as a trivial right G-set, together with the map sending * to the unit 
element e G G. 

The braiding cyy : V x V' ^ V' x V and its inverse are given by the 
following formulas: 

cv,v'{v,v') = {v',viy'{v')) ; Cyy,{v',v) = (viy'{v')~^ ,v'). 

This can be verified directly, see [5] or [71, XIII. 1.4]. It is also a consequence 
of the (folklore) fact that the category of crossed G-sets can be obtained 
from the category of G-sets using the centre construction, see [21 Sec. 4] for 
a detailed explanation. 

4.2. Hopf group coalgebras. Recall that a Hopf group coalgebra is a 
semi-Hopf group coalgebra H_ (as in II. 7p , such that the underlying monoid 
G is a group, together with maps Sg, Sg : Hg-i — > Hg {g € G) such that 

5'g(/l(l,g-i))/l{2,g) = ^(l,g)5'g(/l{2,g-i)) = 
h{2,g)Sg{\l^g-l)) = Sg{h(^2,g-i))h(l,g) = e{h)lg, 

for all (7 E G and h E He- The Sg are called the antipode maps, while the 
Sg are called the twisted antipode maps. The Sg are then the antipode 
maps of the opposite Hopf group coalgebra which is defined as follows: 
Hg^ = Hg, with opposite multiplication, and '^^^gi = ^g,g'- For all g G G, 
Sg is the inverse of 5^-1 and, according to [13], they always exist in the case 
when each Hg is finite dimensional (G is arbitrary). 

4.3. Yetter-Drinfeld modules. Let -ff be a semi-Hopf group coalgebra. 
Right-right ff- Yetter-Drinfeld modules were introduced in [J, Def. 4.4]. We 
recall this definition in the special case where ^ is a Hopf group coalgebra. 
We need an object M = {V, (M^)^gy) £ Tk, with V a crossed right G-set 
(G a group), together with the following structure: 

• every M„ is a right i?,^(„)-module; 

• M is a right ff-comodule, with coaction maps p^^g : — > M^^Hg. 
The following compatibility condition has to be satisfied 

(19) Pv,g{mh) = rn[o^y]h(^2,u{v)) 5'g(/i(i^g-i))m[i_g]/i(3^g), 

for all m E Myg and h E Hj^(^^g^ = Hg-i^^^^^-^g. yVTj^ is the category of 
right-right ^-Yetter-Drinfeld modules and morphisms that are morphisms 
in T— and Th_- 
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The category yVZj^ is introduced in a similar way; the objects coincide 

with the objects of yVTj^, and the morphisms have to be morphisms Z— 
and Zh_- 

4.4. A Doi-Hopf datum. Let ^ be a Hopf group coalgebra. Then H°^(EiH 
is also a Hopf group coalgebra. Then ^ is a right ■ff°P(8)ff-comodule algebra, 
with structure maps 

Pi,{g,g') ■ ^9~'i9' ^ Hi® {Hg (g) Hg,) 

given by 

Pi,ig,g')W = h(2,i) O Sg{h(^i^g-i)) (g) /i(3y). 
A technical but straightforward computation shows that the coassociativity 
and counit properties hold. 

^ is a right ®i ^-module coalgebra. Indeed, for g & G, j{g) = g ® g 
and Hg is a right Hg^ ® ff^-module, with action k{h ® h') = hkh' . 
We conclude that H_, , H_) is a Doi-Hopf datum in Tk ■ 

Proposition 4.5. For a Hopf group coalgebra I^, the categories yVTj^ 
(resp. yVZj^) and Tk (H°^ (g) H)^ (resp. Zi,(H°^ (g) H)j^) are isomorphic. 

Proof. Objects in Tk{H°P(E>K)^ and yVT^ are objects MeTk with a right 
^-action and a right ^-coaction. We have to show that the compatibility 
relations in both categories are the same. 

Let M_ = {V, {My)v^v) £ Tk, and assume that F is a right crossed G-set, 
is a right ffj^(„)-module, for all v & V, and p : M_® H_ is a right 

^-coaction. Then we have maps p^j^g : M„g — )• ®Hg. The compatibility 
relation ([2]) now takes the following form: for all m G M^g and h G Hyf^^g-^, 
we have 

(20) Pv,g{mh) = m[o_^]/i[o,,.(t,)] ® "^[i.g] ^[1,7(9)] • 

Now 

Pv(v)a{g)(^) = ^(2,i/(t>)) ® iSgi^{l,9~^)) ^(3,g))) 

so ([20]) is equivalent to as needed. The statement at the level of 

morphisms is left to the reader. □ 

4.6. Now assume that Hx is finitely generated and projective as a fc-module, 
for every A € G. Combining Proposition 14.51 and Theorem 13.61 we find a 
G-graded algebra D{H_) such that the categories yVTj^ and T^^^y resp. 

yVZj^ and Z'^^^^y are isomorphic. D(H) is called the Drinfeld double of 
H_, and can be described in two isomorphic ways: as a smash product or as 
a Koppinen smash product. A straightforward computation based on our 
previous results leads to these constructions. 

Smash product. 

D{H) = ^^HU#Hg. 

XeGgeG 

We describe the multiplication on D{H_). Let ^ G ^a-1' ^' ^ ^x'-^i ^ ^ ^g 
and h' G Hgi. Also assume that g' = g^{X') = X'^^gX' = g^' . 
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First recall the following notation. For k,k',l € H^-i, k^^^k' G -f^^-i is 
defined by 

{k^i^k'){l) = C{k'lk). 

Then 

mh)iC'*h') = e(^3,A'-l)^e'-5v-l(/^(l,A')))#^(2,,')^'• 
Koppinen smash product. 

XeGgeG 

Take / : H^-r ^ Hg, f : Hy-i ^ Hg,, with g' = g^' . Then /#/' : 
H(\y)-i — > Hg' is defined by 

(/#/')(M=/(/i(2,A-i))(2,3') 

/'('S'a'-i (/(^(2,A-i))(1,A'))^(1,A'-i)/(^(2,A-i))(3,(A')-i)) • 
5. G-GRADED BIALGEBRAS 

Definition 5.1. Let A = ©A,gGG^A,g be a G-graded algebra. We call A a 
G-graded bialgebra if we have the following additional structure on A: for 
every A € G, {G, (^A,g)geG) is a semi-Hopf group coalgebra, with structure 
maps 

such that the following compatibility conditions hold: 

(21) A^^,^^v,3v(aa') = a(i,g)aJ^_^V) ^ a(2,g,)aj2,g^')' 

for all a G ^A.ggi, a' G ^A'.g^'g^'^ 

(22) eAA'(ao') = eA(a)£A'(a')> 
for all a G j4A,e, cl' G ^A',e; 

(23) Ae,gg,(V) = lg0lgi; 

(24) Eeile) = 1. 

Definition 15.11 has a monoidal justification, similar to the monoidal justifi- 
cation of the definition of a bialgebra. Let C be the category with objects 
of the form {V,M = ©^gyMy), with V a crossed G-set, and every a 
fc-module. A morphism {V,M) {V',M') in C is a couple (?/,/), where 
rj : y — )• y is a morphism of crossed G-sets and f : M ^ M' is a /c-linear 
map such that f{M^) C M'^^^y Now C is a monoidal category. The tensor 
product is defined as follows 

{V, M) {V' , M') = {V X V' , M (g> M') , 

with M ®M' = ®(i,,„')gyxV"^f ® ^v' ■ The unit object is ({*}, k). 
Now let A be a G-graded algebra, and consider the forgetful functor 

Theorem 5.2. Let G he a group, and A a G-graded algebra. We have a 
bijective correspondence between 
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• monoidal structures on Z'^ such that the forgetful functor U is strictly 
monoidal; 

• G-graded bialgebra structures on A. 

Proof. Assume that we have a monoidal structure on Z'^ such that U is 
strictly monoidal. We first describe the structure maps e\ and A;^^ . Then 
the unit object is k, with a certain right A-module structure. From Defini- 
tion [STTl we know that this action is determined by maps 

ex: k® Ax,e = ^A,e k, 

otherwise stated 

(25) ex{a) = lk-a, 
for a € Ax^e ■ From Example 13.31 we know that 

(G X G, Ax,g) G Zl 

\,geG 

As an object in C, 

iGxG,A)®{GxG,A) = {GxGxGxG, Ax,g Ax',g'). 

The crossed G-set structure on GxGxGxG is the following: 

u{X,g,X',g')=gg' ; {X, g, X' , g')X" = {XX" , g^" , X' X" , g'^"). 

Now we have a right j4- module structure on A A. According to Defini- 
tion EUJ this is given by multiplication maps 

{Ax^g (8) Ax'^g') (S> Ay, gx>,g,x" ^ ^AA",g^" ® '^X'\",g'>^" ' 

Take A = A' = e, and replace A" by A; this gives multiplication maps 

Now we define ^x,g,g' '■ ^x,gg' ~^ ^A,g ® ^x,g' follows: 

(26) AA,g,g'(a) = {{Igx-i ® lg,A-i )®a) = (l^^-i 1^,^-1 )a. 
For later use, observe that, for a E A^^gX g/x, 

(27) A^^g,^g„{a) = {lg0lg>)a. 

We now have to show that the maps ex and Ax,g,g' satisfy the conditions 
of Definition 15.11 Before we do this, we show that the right ^-action on 
M (S> N is completely determined by the maps Ax^g^g', for all M,N € Z"^. 
We proceed as follows. 

Let {V, M) e Zf, and fix elements v €V and m e M^. RecaU from [L2] that 
G X G is a crossed G-set, with structure maps 

(A,5)A' = (AA',/) ; (3iX,g)=g. 

In Example 13.31 we have seen that 

Z,(,) = {(A,K^)^)|AeG} 

is a crossed G-subset of G x G and that 

(Z,(,),AM^)) = 0A,,,(,).) GZ^. 
AgG 
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Now T] : — 7> V, r]{X,ij{v)^) = vX is a morphism of crossed G-sets. 
Indeed, 

77((A, i^iv)^)X') = 77(AA', uiv)^"^') = vXX' = ijiX, iyiv)^)\', 

and 

(j. o r/)(A, i^iv)^) = v{vX) = v{vf = /3(A, v{v)^). 
Now we define 

: ^ M, /^(a) = ma. 

It follows from ([T2|) that M^A;^ ;,(^)a C M^a, so 

and {r]Jm) ■ , ) ^ (1^, M) is a morphism in TW^- 

Now take {V',N) G A^^, fix v' G and n G A^^', and repeat the above 
construction. We obtain a morphism {vj' ,gn) '■ {Zui(^i,i), A^'^ ))) — >■ A'") 
in M'^. 

From the functoriality of the tensor product, it follows that {rjri' , fm ® gn) 
is a morphism in in particular, ® Qn is right ^-linear. Now take 
a e A)^,v(vYu'{v')^- Since /m(li/(t,)) = m and gn{'^u'(v')) = n, we find 

{m®n)a = [{fm® gn){'^u(v) ®'^u'{v')))a 

= Um® gn){{'^u{v)®'^u'{v'))a) 

\21\ . . , . , 

(28) = rna(^^(^)A) (g)na(2y(^')A). 

We are now ready to show that each Ax is a semi-Hopf group coalgebra. 
The (trivial) associativity constraint 

{{GxG,A)(g){GxG,A))(^{GxG,A) {GxG,A)tE){{GxG,A)(g){GxG,A)) 

is a morphism in Z'^; in particular ayi^A,yl is right ^-linear. For all a G 
Ax^ggigii, wc have that 



(g) (lg,A-l l^„A-l))a = a(l,g) O (1<;U-1 ® lg"A-l)a(2,<;'g") 

= a(i_g) (g) AA,g'g"(a(2,g'3")) 

equals 

aA,A,A((lgA-i fg Ig'A-i) <g l^„A-i)a 



aA,A,^((l^A-i <^ <^«(2,(;")) 
= aA,A,A{^\g,g'(.^{i,99')) ^ ^(2,3"))' 
which is precisely the required coassociativity condition. Now we prove the 
counit conditions. The (trivial) left counit constraint 1^ : {{*},k) (8) (G x 
G,A) {G X G,A) is a morphism in Z'^, hence Ia is right ^-linear. For 
a G Ax^g, we have 

a = Uilk (g V)a = U((lfe <g l(,A)a) = U(lfe-a(i,e) ^0(2,3)) 

= ^A(eA(a(l,e)) (8) a(2,3)) = eA(a(l,e))«(2,g), 
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The right counit property is handled in a similar way. Now let a € ^A,ggi 
and a' e Ay ^'),'. Then aa' e A,,, x' and 



= (a(l,3) <^ a(2,9i))«' = a(l,g)aJi^^A') «> «(2,gi)«(2,gi^')- 

This proves that ()2ip holds. Now take a G A^.e and a' € ^A',e- Then 
eAA'(««') = Ifc • (aa') = (Ifc • a) • a' = eA(a) • «' = ex{a)ex'{a'), 
proving (f22]l . Finally 

Ae,gg'(V) = (Ig «) IgOW = 19'^ V' 

Conversely, assume that A is a G-graded bialgebra. Let {V,M), (y',M') G 
-Z^. We have already seen that V x V' is again a crossed G-set. Now we 
define a right A-module structure on M ®M' = ®[v^vi)^vxV'^v®M'^, using 
([281) . which is designed in such a way that (V xV\M ® M') G Z^. Also 
({*}, /c) G Z'^, using (j25p . Then straightforward computations show that 
this makes into a monoidal category such that the forgetful functor to 
C is strictly monoidal. 

Let us show that the tensor on Z'^ is functorial. Consider morphisms 

iv,^): {V,M)^{W,N) ; {r,' ,^') : {V ,M') ^ {W ,N') 
in Z'^. The diagram ()16p takes the form 

® M'^, ® ^A,i.W^i^'K)^ ^ ® K'A 



and we have to show that it commutes. Since and {ri',ip') are mor- 

phisms in Z'^, we have, for m G M^, ai G ^Ai/(t)A)i ^ and 02 G 
^A X) that 

(/?^,A(mai) = (^t,(m)ai and ip'^,^{m'a2) = Lp'^,{m)a2. 

Now take a G ^A,i/(i;)^i/'(t)')^- Then we have 

93^A("ia(i_,,(^)A)) V'^/A("i'«(2,j.'(t;')^)) 

= Vv'i^'hi2,u'{v')^) = {{'Pv Vv'){'m (S) m'))a, 

as needed. □ 

It would be nice to have a result similar to Theorem 15. 2t with the category 
Z"^ replaced by T^. Unfortunately, we were only able to prove it in one 
direction. First, we need to introduce the category V, which can be viewed 
as the T- version of C: it has the same objects as C, and a morphism {V, M) — >■ 
{W^N) is a couple (77, {'^w)w<^w)-, with r/ : W ^ V a morphism of crossed 
G-sets, and (pw ■ -M'^(^) — fc-linear, for all w G W. 
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Proposition 5.3. Let G be a group, and A a G-graded bialgebra. Then we 
have a monoidal structure on Tf such that the forgetful functor V 



IS 



monoidal. 



Proof. As in the proof of Theorem 15.21 we define a right A- module structure 
on {V X 1/',M (g) M') using ([28]), and on ({*}, A;) using ([25]). Let us show 
that the tensor product on is functorial. Take morphisms [r], {ifw)w£w) '■ 
{V,M) ^ {W,N) and W , {y^l')w'GW') ■ iV',M') ^ {W',N') in Tf. The 
diagram ()17p takes the form 



and we have to show that it commutes, (r/, [(pw)wew) and (ry', (v'^Otu'gvy ) 
are morphisms in Tf , so, for all m G M^(^), ai G ^A,i/(»7(«)))^ > ^ ^i^'{w') 
and 02 G ^A,i/'(r?'(tu'))^' have that 

(/7u,A(mai) = (/7^(m)ai and (/?^,A(m'a2) = (/?u.'("T-')a2- 
For a G ^A.i/(r?(«)))^i/'(r?'(«)'))^ ' compute 
(((i?^A '»¥'L'a)(("^®"^')«) 

= '/'«)A("T'a(i^,,(^(t„))A)) (g) '/'Ji,'A("^'«(2,i/'(r?'(u)'))^)) 

= f'w' {m')a(2,uj' (w')>-) = {^w{m) ® (/9^,(m'))a, 

as needed. □ 

Let ^ be a Hopf group coalgebra. The category of Yetter-Drinfeld modules 
yVTj^ is obtained from the category Th_ using the center construction, see 

[21 Sec. 4], and therefore yVT% is a braided monoidal category. For detail 
on the centre construction, we refer to [T, XIII.4]. We first describe the 
monoidal structure. Take (F,M), {V',N) G yVT§. 

{V,M) {V',N) = {Vx V, {M, Ar.O(.y)gyxy'), 

with the following structure. We have already seen that V y~ V \s a right 
crossed G-set, with oj : V x V ^ G, u){v,v') = u{v)i''{v') and {v,v')g = 
{v9,v'g). 

Mv (g Nyi is a right //^(^-)j^/(^/-)-module, with 

(29) (m (g n)h = m/i(^^(^)) (g nh^2,u'{v'))] 

The coaction maps P(v,v'),g '■ ^vg ^v'g — ^ (g A"^' (g -ffg are given by 

(30) P{v,v'),g{m (g n) = m[oy ® njo,^/] (g mji^^^p^i^g]. 

({*}, A;) G yDTj^; we already know that the singleton {*} is a right crossed 
G-set; furthermore k is an He-module via e, and the coaction maps : 
k —?' k ® Hg are given by p*,g(lfc) = Ik <S^ Ig- 
Now we describe the braiding. The braiding isomorphism 

{V X V', {My K'){v,v')(iVxV') {y' X y, {Ny, ® M"„)(t,',t,)Gy' xf) 
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is given by the following data: 

cv',v '■ V X V ^ V X V' , cv',viv',v) = {v,v'v{v)). 

tM,N,v',v ■ My <^ Ny'u{v) ]^v' ^ My, tM,N,v',v{m n) = n[o,^,/] ® "in[i^^,(^)]. 
As we have mentioned, this monoidal structure can be deduced from the 
center construction, but it can also be verified directly that this defines a 
monoidal structure on yVTj^. 

yVZj^ is also a braided monoidal category. The tensor product is defined 
using (j29H30p . The braiding isomorphism 

{V X V', {My (g) Ny,)(^yy)^VXV') (V X V, {Ny, ® My)^y,^y)^V'Xv) 

is given by the following data: 

Cyjy : VxV'^V'xV, cv',v{v,v') = {v'uiv)-\v)- 

,N,v,v' ■ 

My (g) Ny, Ny 

v(t))^i My is given by 

(31) iM,N,v,v' (m (g) n) = n[Qy^(^y)^i] (g) mn[i^^,(^)] . 
We will also need the inverse of the braiding of (c~^,t) 

{V X V, {Nyf O My)(^y,^y^^v'xv) -^{V X V', {My ® Nyf)^yy)^vxV')- 
This is described by the data 

cv'y ■ V' X V ^ V X V, cv'y{v',v) = {v,v'i^{v)); 
Qn,m,v',v '■ ^v' "X" My — > My (g) Nyijy(^y^ is given by the formula 

(32) qN,M,v',v {n(gm) = mS^(^y) ("-[1,1/(1,)-!] ) (g n[o,t,v(t,)] • 

If {V, {My)y(=Y) £ yVZ§, then it is easy to see that {V, M = @y(,vMy) G C: 

every My is a A;-module. Thus we have a forgetful functor U' : yDZ^ — )• C, 
and it is clear that U' is strictly monoidal. 

Now assume that every Hg is finitely generated and projective as a fc-module. 
Then we have an isomorphism of categories Z (Theorem 13. 6p and a forgetful 
functor U as in Theorem 15.21 such that the diagram of functors 




commutes. It follows from all these observations that ^ monoidal 

category and that U is strictly monoidal. Then it follows from Theorem 15.21 
that D{H) is a G-graded bialgebra. 

Our aim is now to construct the comultiplication and counit maps on D{H). 
We know that {G x G,D{H)) G ^^(j^), see Example ESI From The- 
orem 13.61 and Proposition 14. 5t we know that H{G x G,D{H_)) = {G x 

G, D{H_)(^x,g)£GxG) ^ yT^Zj^. We compute the structure maps, using the 
proof of Theorem 15.21 

First, every D{H_)(^x,g) = ^x-iH^Hg is a right -ff^-module in the obvious way: 
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mh)h' = i*hh'. 
The coaction maps 

are given by 

(33) Pix,g),X'iC#h) = {C#h){&'^#W ^ h^^'\ 

where we use the notation introduced in I2.10t ^^'^^ ® h^'^^ is a finite dual 
basis of H\. H\ is a finitely projective algebra, hence H"^ is a coalgebra, 
with comultiplication 

(34) A(e) = ® e(2) = {i,h^^^t''^)e^ ®t^\ 

where 0h^^^ = C^^) /i(^) is a second copy of the dual basis of Hx. Since 
yDZj^ is monoidal, we have that 

{GxGxGxG, {D{H)x,g ® D{H)x',g') £ yvzf, 
and we compute 

P{X,g,X,g'),X-^ V"' ^ ^ (e#l9'A-i )) 

^ (e(^-^)#i,)^(?'"^^#v)^/^^^'^^^^'"^^- 

Now we apply (p6|) to compute A^^g^g' : D{H_)x,gg' — > D{H_)x,g D{H_)x^g': 
for ^ G -f^A-i ^'^^ ^ ^ ffqq ', we have 

AA,gy(e#/i) = ((£#V-i) ^ (e#l3,.-i))(C#/i) 

(C(l)#^(l,3)) ® (C(2)#^(2,g'))- 

Now we compute the counit maps ex ■ -ff^_i#-ffe k. k is a right 
//^_i#ffe-iiiodule, and 

ex{m^h-{m = ^i-^x-^Mh), 

since ^-^(Ife) = Ifc <^ ^A-i- We conclude our computations as follows. 

Proposition 5.4. Let H_ be a Hopf group coalgebra, and assume that every 
Hg is finitely generated and projective as a k-module. Then D(H) is a G- 
graded bialgebra, with structure maps 

^X,9,9' ■■ D{H)x,gg' ^ D{H)x,g D{H)x,g', 

^X,g,g'{^#h) = (C{l)#/l{l,g)) (C{2) #^{2,g') ) ^ 

ex: Hl^,#He^k, ex{^#h) = ^^x-^Hh). 

Recall from l4.6l that D(H) can also be written as a Koppinen smash product. 
Then the comultiplication maps 

Ax^g^g' : Rom{Hx-i,Hgg>) }iom{Hx-i, Hg) 0Rom{Hx-i, Hg>) 

can be characterized as follows: Ax^g^g'{f) = /(i) (8 /(2) if and only if 

^g,g'{f{hlh2)) = /(/ll)(l,g) (S> /(/l2)(2,g')' 

for all /ii,/i2 € H^_i. The counit maps are the following: 

ex: Rom{Hx-i,H,)^k, ex{f) = {e o f){lx-i). 
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Let A be G-graded bialgebra. From Theorem 15.21 and Proposition 15.31 it 
follows that a monoidal structure on Z'^ such that U is strictly monoidal in- 
duces a monoidal structure on T^. The tensor product of objects coincides 
in both categories. 

On Z'^^j^y we have the monoidal structure transported using the category 

isomorphism with yVZj^. We have also a monoidal structure arising from 
the G-graded bialgebra structure on D(H), using Theorem 15.21 These two 
monoidal structures coincide, actually this is the way the G- graded bialge- 
bra structure on D{H_) is constructed in the proof of Proposition 15.41 
The monoidal structure on yVTj^ can be transported to a monoidal struc- 
ture on T^f^fj. It follows easily from our previous constructions that this 
monoidal structure is induced from the monoidal structure on Z'^^^. Hence 
this monoidal structure coincide with the monoidal structures arising from 
the G-graded bialgebra structure on D{H_), using Proposition 15.31 We sum- 
marize these observations as follows. 

Theorem 5.5. The G-graded bialgebra structure on D(H_) from Proposi- 
tioned^ defines a monoidal algebra structure on Z'^^j^-^ and T^f^^-^ (Theo- 
rem \5.2\ and Proposition \5.3\) that are such that the category isomorphisms 
Z^^^-^ = yVZjf and T^^jj^ = yDTj^ are isomorphisms of monoidal cate- 
gories. 

6. G-GRADED Hope algebras 

Definition 6.1. Let A = ©A,gGG^A,g be a G-graded bialgebra. We call A a 
G-graded Hopf algebra if there exist maps 

such that 

(35) «(l,g)5'A,9(«(2,g-i)) = a(2,g)'S'A,g(a(l,g-i)) = eA(«)lt,A-i; 

(36) 5'A,g(a(i^g-i))a(2,g) = 5A,g(a(2,g-i))a(i,g) = eA(a)lg, 

for all a G Ax^e- The Sx^g {Sx,g) are called the (twisted) antipode maps. 

Proposition 6.2. Let H_ be a Hopf group coalgebra, and assume that every 
Hg is finitely generated and projective as a k-module. Then D(H) is a G- 
graded Hopf algebra, with (twisted) antipode maps 

Sx,gmh) = {e#Sg{hmoSx-i#lg,-iy, 
Sx,gmh) = {e#Sg{hmoSx^i#l,j,-i). 
Proof For ^ G ^a-^ ^ ^ have 

('^(l)#^{l,g))'S'A,g(^(2)#^(2,g-i)) 

= (e{l)#/i(l,9))(£#5',(/i(2,5-)))(e{2) o5,-i#y-i) 
= (C(l)#^(l,g)5'g(/i(2,g-i)))(?(2) ° 'S'a-i #lgA-l ) 
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= e(/l)(e(i)#l,)(^(2)0 5;,-l#y-l) 

= e(/i)C(lA-i)(e#V-i) = eA(e#M(e#V-i), 
where we used the following property, for all h € He- 

(C(l)(^(2) O S^')){h) = C(l)(/l(2,A-i))e(2)(5A"'(^l,A))) 
= ^(VA-i)5A'(/i{l,A)))=e(lA-0eW- 



This proves one equality of (j35p ; the proof of three other equalities is similar 
and is left to the reader. □ 

7. Braidings and quasitriangular G-graded Hopf algebras 

Definition 7.1. Let j4 be a G-graded bialgebra. A is called quasitriangular 
if it comes equipped with the following additional structure: for all g, g' G G, 
we have 

^9,9' = ^9,9' -^3,3' S ^9-\99'9-^ ® "^e.S? 

Qg,g' = Ql,g' ^ Ql,g' S Ag g-lg,g ^ ^e,^, 

such that the following conditions are fulfilled: 

(37) ^9,9'Q9g'g~^,g ~ ^9' ,9^9,g~'^g'g ~ ^9' ® ^9'^ 

(38) Ag^g/9_g//9 {R}g g,g„) -^3,3'^" = -^3,3/ ^ .K^^g" ^ g f g ^ 
in ^g,g/9 (g) Ag_g//9 (g) Ae^g-, 

(39) ^]jg',g" ® ^e,g,g'{Rlg',g") = ^g' ,g" ^g,g' g" g'-^ ® 9,9'9"g'-^ ^9' ,9" 
in ^{gg')-l,g"(99')'l ^e,g ^ ^e,g' • 

In addition, we have for all a G ^A.g^g'-^ that 

(40) r(A;,,^AyA)i?<^A^g,A = i?g,g/A^^^,g-i;,_^;,(a). 
Here r is the switch map. 

Definition 17.11 has a monoidal categorical justification. Let G be a group, 
and A a G-graded bialgebra. We know that Z"^ is a monoidal category, and 
that the forgetful functor U : ^ X§ is monoidal. Let X^''''' be X§ 
with the inverse braiding c~^. Then we can look at braidings on Z'^ such 
that U preserves the braiding. Such a braiding is of the form [c~^,i), where 
c is the braiding on Xq as described in 14.11 In Proposition 15.31 we have 
seen that we have a monoidal structure on such that V : Xq is 

monoidal, and we can consider braidings on of the form (c, t), i.e. they 
are such that V preserves the braiding. 

Theorem 7.2. Let G be a group, and A a G-graded bialgebra. There is a 
bijective correspondence between the following data: 

• braidings on Z'^ of the form {c~^, i); 

• braidings on of the form (c, t); 

• quasitriangular structures on A as defined in Definition\7.1\ 
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Proof. Given a braiding (c, t) on T^, a braiding (c^^,t) on Z'^ is given by 
the formula 

(41) tM,N,v,v' = iM,N,v,v'L'(v)-'>-^ 

and vice versa. 

Next assume that we have a braiding {c~^,i) on Z'^. For M = {V, M), N_ = 
{V', N) S Z"^, we have the braiding morphism 

icvlv^^M,N,v,v') ■■ {V xV',M (g)N) ^ (V xV,N0 M). 
Then we have 

(42) iM,N{My ®N^')(1 iV^'^(^)-i ® M^. 
Let y = y = M = = A. Then 

and Ia.a '■ A ^ A satisfies 

iA,A{^\9 ® ^A',3') C Avjj-i^g^/g-i (g) ^A.g- 

Now let 

(43) Rg^g: = R^g, ^ i^_^(l^ 1^,) G Ag~l^gg,g-l ^ Ae^g. 

We will show that the braiding t is completely determined by the Rg^g'- Take 
m € My , n € A'^y/ . We have seen in the proof of Theorem 15.21 that we have 
morphisms 

(rjjm): (Z,(,),AM'^»)^(y,M), (r?',<7„): (Z,.(„.), ^('^'(^'») ^ (F', TV) 

in Z'^. From the naturality of {c~^,i), we have the following commutative 
diagram 

(Z,(,) X AM-)) A(-'(-'))) ^ (Z,,(,,) X A(-'(-')) ® AM-))) 



iv,'n' Jm(8gn) 



(y X M (g) M') ^ ^ {V (^V,N(S)M) 

Observe that ie,u{v)) G (e, z^'(w')) e ^i/'K)' ^K'') ^ A^^^)), E 

^(^^ )), From the commutativity of the diagram, it then follows that 

iM,Nim (g) n) = {iM,N O (/m 5n))(li/(i.) 

= {{9n /m) O i^(^(«))^^(^'(«')))(l!^(D) !!/'(«;')) 
= {9n® fm){Rv(v)y(v')) 

(44) = nR\^^-^y^^,-^®mR^^^^y^^,y 

The inverse braiding can be described in a similar way: by assumption, Im^n 
is invertible, and 

(45) ill^ {N^, (g) M^) C (g) iV^,^(^) . 

In fact the inclusions in (fl2|) and ([15]) are equalities, since tM,N is bijective. 
In particular, we find that 
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Now let 

(46) i^]^{lg> ® Ig) = Qg^g, = Q], ^g ^ Q^^^g € A^^g ® Ag^g,, . 

The Qg\g describe the inverse braiding completely. Arguments similar to 
the ones above show that, for m S and n £ Nyi: 

(47) *~M,Jv(" ^m) = mQl,^^,)^^^^-^ • 
Then we compute that 



Ig' ® 1^ {iA,A o iA,A)(V I9) = ^A,AiQl',g ^ki/) 

^l'^gK,g-^g'g ® ^I'^g^lg-'g'g- 



This shows that ([STD holds. 

From the fact that (c~^,t) is a braiding, it follows that 

(48) tA,A®A = (A®tA,A) o (tA,A®^); 

(49) iA»A,A = (tA,A®^) o (A0^A,A)■ 
Now we compute that 



tA.A(^A(lq lg")'^(lg' lg")Rl g,g„ igR^g glg,, 



- ^g,g'^,g"^i^l,g'g") ^1 

{{A ® Ua) O (iA,A ® A)) (Ig Ig/ O Ig// 



(A®tA,A)(iig,g/(8)i?gy (8)lg//) 

-^9,5' ^ ^g,g" ^ ^g,g'^'g,g"- 



This shows that psp holds. ()39p can be proved in a similar way: 



tA®A,A(lo Ig' lg'/)*^lg//i2^g/^g// (g) (Ig (g) lg/)i?^g 



il27li ]^ / p2 \ 

^gg',g" ^e,g,g'i'^gg',g")i 



{{iA,A 0A)o{A0 iA,A)) (Ig (g Ig' ® Ig") 

(tA,A®^)(lg^i?g',g"(8'i?g',g"] 



^g',g"^g,g'g"g'-^ ^9^l,g'g"g'-^ ® -^s'.s" 



- Rg',g"Rl,g'g"g'-i ^^g,g'g"g'-^ ® ^g',g"- 
Now take a G ^a^/a . Since t^.A is right A-linear, we have 

tA,A((lg "g lg')a) = tA,A(lg "g lg')a. 

Now 

iA,A((lg ® lg')a) = ^A,a(A;^ gA g/A^^o)) 

= iA,A(a-(l,gA) (g a(2,g'A)) = a(2,g'^)-RgA^g/A (g a(l,gA)i?gA_g/A; 
iA,A(lg ^ lg')a = (^g,g' ^g,g')a = -Rg,g'«(l,g/s-iA) i2g,g/a(2,gA) • 
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(j40p follows, and we have shown that the Rg^g' define a quasitriangular 
structure on A. 

Conversely, if A is quasitriangular. Then we define iM,N using (jH]). A 
lengthy but straightforward computation shows that (c~^,t) is a braiding 
on Z% □ 

Now let ^ be a Hopf group coalgebra, and assume that every Hg is finitely 
generated and projective as a A:-module. Then the category yVZj^ is 
braided monoidal, and is isomorphic to Z'^^^jy We know from Proposi- 
tion [62] that D{H_) is a G- graded Hopf algebra, and it follows from Theo- 
rem l7.2l that we have a quasitriangular structure on D{H_). The correspond- 
ing i?-matrices can be computed easily. The coaction map 

P{9-^,gg'g-^),9 ■ ^ei^^g' ~^ (^g^^gg'g^^) ® ^g 
can be computed using ([33]) . In particular 

(50) Pig-\gg'9-^)A^#h') = {&^*^gg'g-^) ® ^^'^ ■ 

Then 



Then we find 
5 



In a similar way, we can compute the Q-matrices. Using ([33p . we compute 

P{g,g-'g'g),g-' ■ ^t^Hg, {H*_i#Hg-ig,g) (g) Hg-i: 

Pig,g-^g'g\g-<^*y) = (^^'"^#1.-.',) ® h^''^^ ■ 
Q9,9''^qDiHAi^*^g') ^ ie#W)'^i^#WSgih^'"^) i&"¥lg~Wg) 

= ieif^Sg{h(3-')))0i^(9-')#lg.,g,g). 

We summarize our results. 

Theorem 7.3. Let H_ he a Hopf group coalgebra, and assume that every 
Hg is finitely generated and projective as a k-module. Then D{H_) is a 
quasitriangular G-graded Hopf algebra, with R- and S-matrices 

Rg,g' = {&^*^gg'g-^me#h^'^) ; Qg,g' = {s^S g{h^''"^)m&'"^ ^Ig-^g' g)- 

The isomorphisms between the categories yT>Zj^ and Z'^^^j^ and between 

yVTj^ and i^^fj-^ (see [-^.6[ j are isomorphisms of braided monoidal cate- 
gories. 

8. Appendix: generalized Yetter-Drinfeld modules 

A generalization of Yetter-Drinfeld modules was proposed in j^, see also 
0). First one has to introduce Yetter-Drinfeld data. There is a functor 
from Yetter-Drinfeld data to Doi-Hopf data, and the corresponding cate- 
gories of Yetter-Drinfeld modules and Doi-Hopf modules are isomorphic. 
This construction was carried out in the category of vector spaces, but can 
be generalized to symmetric monoidal categories. Let us give the definition 
of Yetter-Drinfeld data in Tk- 
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First we discuss discrete Yetter-Drinfeld data, these are Yetter-Drinfeld data 
in Sets . This is a four-tuple (L, G, A, X), where L and G are groups, A is a 
monoid, ip : A — > L and 7 : A — > G are monoid maps, and X is a set with 
compatible left L-action and right G-action. 

A crossed (L, G, A, X)-set is a right A-set V together with a map i' : V ^ X 
such that z^(yA) = ip{X)~^i'{y)'y{X). 

If (L, G, A, X) is a discrete Yetter-Drinfeld datum, then we have a discrete 
Doi-Hopf datum {LxG,A,X), with {ip,'y) : A — > LxG, and = l~^xg. 

An (L X G, A,X)-set is the same as a crossed (L, G, A, X)-set. 
An example of a discrete Yetter-Drinfeld datum is G = (G, G, G), as dis- 
cussed in the previous Sections. 

A Yetter-Drinfeld datum in Tfe is a fourtuple A, G) , where 

• K_ = {L^ {Ki)i^i) and H_ = (G, {Hg)g^G) are Hopf group-coalgebras; 

• A = {X, {Ax)xex) is a (K, )-bicomodule algebra; 

• G = (A, (GA)AeA) is a {K, )-bimodule coalgebra. 

Then (L, G, A, X) is a discrete Yetter-Drinfeld datum; we have coaction 
maps 

Pi,x,g ■ Aixg Ki<^ Ax® Hg, pi^x,g{a) = a[-ifi (8) a[Q^x] ® oji^gj, 

(Sweedler notation). Cx is a (Er^(;^), i7^(;^))-bimodule, for every A G A. 
A Yetter-Drinfeld module is a couple {V, {My)y^v), where ^ is a crossed 
{L,G, A, X)-set, every is a right ^j^j-^^-module, and M is a right G- 
comodule, with structure maps p^^x : M^x My ® Gx such that the 
compatibility relation 

Pv,x{ma) = "1-[0,»;]O[0,;.(i,)] 5'^(A)(a[_l,^(A)-i])"i[l,A]a[2,7(A)] 

holds for ah m € M^x and a G A,,(„a) = ^,/;{A)-i^(«)7(A) • 

If (r^,^,ii,C;) is a Yetter-Drinfeld datum in 7^, then {K"^ ®H,A,C) is a 

Doi-Hopf datum in 7^: -A is a right iJ-comodule algebra with coaction 

maps 

Px,{i,g) ■ A-^xg Ax ®Ki® Hg, Px,{i,g){a) = a^,^] Si{a[_i^i-i]) ® a[i_g]. 

G is a right K_"^ ® ^-module coalgebra, since every Ga is a right -^^^a) ® 
i/^(A)-module. Yetter-Drinfeld modules over {I£,IL,A,C_) then coincide 
with Doi-Hopf modules over {K^^ -ff , G) . We can then consider the 
categories yVTiK, H)^ and y'DZ{I£, H)^ which are respectively isomor- 
phic to the categories Tk{K^^ ® M)^ and Zk{K^^ ® H)^. Now the duality 
results from Section [3] can be applied. 

Example 8.1. {H, H, H, H) is a Yetter-Drinfeld datum in Tk, and the cor- 
responding Yetter-Drinfeld modules are the Yetter-Drinfeld modules that 
we considered in Section [H 

Example 8.2. Let (L,G, A,X) be a discrete Yetter-Drinfeld datum. The 
crossed (L, G, A, X)-structures on a singleton {*} are in bijective corre- 
spondence with Xq = {xq G X I xo7(A) = ^(A)xo, for all A G A}. The 
right A-action on {*} is the trivial one, and = xq. In the case where 
L = G = A = X, Xq is just the center of G. 
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Let (K, H, A, C) a Yetter-Drinfeld datum in Tk, and fix xq G Xq. An xq- 

Yetter-Drinfeld module is an (K, H, A, Q-Yetter-Drinfeld module of the 

c 

form ({*},M), with = xq. The full subcategory of yVTjK, H)^ con- 

c 

sisting of XQ-Yetter-Drinfeld modules will be denoted by yVTxr, (K, H)^. 

Example 8.3. We consider a particular instance of Example 18.21 At the 
discrete level, take L = G = A = X . The left and right G-action on X = G 
are given by multiplication. We fix xq € X = G, and define tp, ^ : A — > G 
by ipig) = xoQXq^ and 7(g) = g. It is then easy to see that xq G X. 
We thus have a discrete Yetter-Drinfeld datum, which we will denote by 
{G, G, G, xqG). 

Let ^ be a Hopf group coalgebra, with underlying group G; we construct 
a Yetter-Drinfeld datum in 7fc with underlying discrete Yetter-Drinfeld da- 
tum {G,G,G, xqG). Let K_ = H_ and A = H_, with ^-bicomodule algebra 
structure induced by the comultiplication maps. Now we make C_ = H_ into 
an i^-module coalgebra. Every H\ is a right i^A-module, by multiplication. 
Consider a family of algebra maps ip = {fx : H^^^^-i — )• Hx)x^g- V\ de- 
fines a left i?^^^^-i-module structure on Hx by restriction of scalars, and 
this makes Hx a (i/^^^^^-i, i/;^)-bimodule. This defines a left i/-bimodule 
coalgebra structure on H_ if and only if 

(51) eH}Pe = EH and Aa,A' o V'AA' = (V^A ® '^\') o ^ccoXx-\xoX'x-'^ 

for all A, A' € G. The resulting ^-bimodule coalgebra will be denoted xo,<pIL^ 
and yT>Txo,ip% will be a shorter notation for the category yT)xQ{H_, H_y^''^~ . 
This definition of an xq-{H_, H_, H_, j^^^^^)- Yetter-Drinfeld module agrees with 
the right version of xq- Yetter-Drinfeld module over a T-coalgebra H_ as in- 
troduced by Zunino in [T6j. Recall that a T-coalgebra is a Hopf group- 
coalgebra = (G, {Hg)g^G) together with a family of /c-algebra isomor- 
phisms Lp = {if"^ : — )■ H^^^-i)a-,T-eG satisfying, among other, the condi- 
tions 

£h}Pt = Eh and Ag^g-i^e^e-i o (^^^ = (y?^ ipl) o A^,^. 
for all a,T,9 E G. Fix xq G G, and define (px = , for any A S 

Xq ^ 

G. Then sn^Pe = SHjf -\ = £h_ and the family tp := {ipx = (pto^^'^ '■ 

Xq 

^xo\x~^ — > Hx)xeG satisfies ([5T|) . To see this take 9 = Xq^ , a = xqXxq^ 
and r = xqA'xq^, where A,A' € G in the above equality. In this situation 
yT>Txo,ipJ{ is precisely the category of right xq- Yetter-Drinfeld modules over 
a T-coalgebra, in the spirit of [16j . 

Example 8.4. We present a variation of Example 18.31 At the discrete 
level, let -0 be the identity on G, and let 7 be conjugation by a fixed xq G G: 
7(g) = Xq ^(7x0. An ^-bimodule structure on can be obtained using a 
family of algebra maps 99' = : H^-i^^^^ Hx)xeG- The {Hx, H^^i^^^)- 
bimodule structure on Hx is obtained via restriction of scalars, using the 
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identity on the left and ip\ on the right hand side. This defines an Hj- 
bimodule coalgebra structure on H_ if and only if 

(52) eH}p'^ = EH and Aa,a' o if'^y = ® o A^-i;^^^^^-i^,^^, 

for all A, A' € G. The resulting ^-bimodule coalgebra is denoted by H^^,„i, 

H iLx 
and we use the shorter notation yVTj^ for the category yV^g {H_, H_)h'^°''^ 

-3^0 

Particular examples can be deduced from T-coalgebras. More precisely, let 
^ be a T-coalgebra and ip = {ip% : — )• H^^^-i)a-^TeG the conjugation of 

H . We have a family of algebra morphisms 9?' = (v?^ = ipxo '■ H^-i^^^ — ?■ 
H\)x€G- A simple inspection shows that ip' satisfies ([52]) . Thus it is possible 
to define the notion of j;o-Yetter-Drinfeld module in a way that is different 
from the one in ^16j . 
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